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Abstract
The θ-deformed Hopf fibration S3θ → S
2 over the commutative 2-sphere is compared
with its classical counterpart. It is shown that there exists a natural isomorphism
between the corresponding associated module functors and that the affine spaces
of classical and deformed connections are isomorphic. The latter isomorphism is
equivariant under an appropriate notion of infinitesimal gauge transformations in
these contexts. Gauge transformations and connections on associated modules are
studied and are shown to be sensitive to the deformation parameter. A homotopy
theoretic explanation for the existence of a close relationship between the classical
and deformed Hopf fibrations is proposed.
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1 Introduction and summary
The Hopf fibration S3 → S2 is the prime example of a non-trivial principal U(1)-bundle
over the 2-sphere. From an algebraic perspective, it can be described as a faithfully-flat
Hopf-Galois extension, or equivalently as a principal comodule algebra, consisting of the
algebra A = O(S3) of functions on S3 together with the canonically induced coaction
δ : A → A ⊗ H of the Hopf algebra H = O(U(1)) of functions on the structure group
U(1). Due to its origin in ordinary geometry, this Hopf-Galois extension is special in the
sense that the total space algebra A, the structure Hopf algebra H and consequently the
base space algebra B := AcoH ∼= O(S2) are commutative.
As Hopf-Galois theory does not require commutative algebras, it provides a natural
framework in which to study noncommutative generalizations of principal bundles. In
particular, there exists a 1-parameter family of deformations of the Hopf fibration S3 →
S
2, where the total space algebra is deformed to the Connes-Landi 3-sphere Aθ = O(S
3
θ)
and the structure Hopf algebra H and base space algebra B remain undeformed. These
examples should be interpreted as noncommutative principal bundles over a commutative
base space with a commutative structure Hopf algebra.
In this work, we shall study in detail the geometric structures on the deformed Hopf
fibrations S3θ → S
2 that are relevant for gauge theory and compare those with the corre-
sponding structures on the classical Hopf fibration S3 → S2. An interesting observation
is that many, however not all, of these geometric structures coincide for these examples
even though S3θ → S
2 and S3 → S2 are not isomorphic as Hopf-Galois extensions. This
follows as Aθ = O(S
3
θ) is a noncommutative algebra whilst A = O(S
3) is commutative.
In more detail, we prove the following results: 1.) The associated module functors for
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the classical and deformed Hopf fibrations are naturally isomorphic, i.e. the theory of
associated modules is insensitive to the deformation parameter θ. In physics terminol-
ogy, this means that we have the same matter fields on the classical and deformed Hopf
fibrations. 2.) The affine spaces of connections, with respect to suitable Ka¨hler-type
differential calculi, for the classical and deformed Hopf fibrations are isomorphic. It is
also shown that this isomorphism is compatible with the action of infinitesimal gauge
transformations. In physics terminology, this means that we have the same gauge fields
on the classical and deformed Hopf fibrations. 3.) In contrast to the previous two points,
the action of infinitesimal gauge transformations and connections on associated modules
does depend on the deformation parameter. Hence, it is different for the classical and
deformed Hopf fibrations. In physics terminology, this means that the coupling of gauge
fields to matter fields is sensitive to the deformation parameter.
Even though our direct calculations were able to unravel these striking similarities
between the classical and deformed Hopf fibrations, they provide no conceptual reason for
why these two non-isomorphic Hopf-Galois extensions should behave similarly in certain
respects. As a first step towards a more conceptual explanation, we investigate our
examples of Hopf-Galois extensions from the homotopy theoretic perspective proposed
by Kassel and Schneider in [KS05]. We shall show that the classical and deformed
Hopf fibrations are homotopy equivalent, however in a slightly different way as the one
proposed by Kassel and Schneider. In more detail, while the interval object in [KS05] is
modeled by the polynomial algebra C[y] of the affine line, we require an interval object
that is modeled by a larger algebra that also contains exponential functions. This is
related to the fact that the deformation parameter θ, which we would like to turn to zero
by a homotopy, enters the deformed Hopf fibration in an exponential form q = e2πiθ. We
give some indications, however not a full proof, that this homotopy equivalence could
be the reason why the classical and deformed Hopf fibrations have naturally isomorphic
associated module functors. A detailed study of these aspects, and in particular of the
interplay between homotopy equivalence and connections, is beyond the scope of this
paper. However, we hope to come back to this issue in a future work.
The outline of the remainder of this paper is as follows: In Section 2 we provide a
brief review of the theory of Hopf-Galois extensions and principal comodule algebras. We
also introduce the examples of interest in this work, namely the classical Hopf fibration
S
3 → S2 and its deformation S3θ → S
2 by a suitable family of 2-cocycles. In Section
3 we describe the associated module functors for both the classical and deformed Hopf
fibrations and prove that they are naturally isomorphic functors. Section 4 starts with
a brief review of the theory of Atiyah sequences and connections on principal comodule
algebras. We shall discuss both the case of universal differential calculi and also the
more general case of concordant differential calculi on principal comodule algebras. We
then describe in detail the Atiyah sequence for universal and Ka¨hler-type differential
calculi on the classical and deformed Hopf fibrations and construct an isomorphism
between the affine spaces of classical and deformed connections. It is also shown that
this isomorphism is compatible with the action of infinitesimal gauge transformations. In
Section 5 we study gauge transformations and connections on the associated modules of
the classical and deformed Hopf fibrations and show that these structures are sensitive
to the deformation parameter. In Section 6 we show that the classical and deformed
Hopf fibrations are in a suitable sense homotopy equivalent and give some indications
why this should imply the properties of associated modules described in Section 3.
3
Notation and conventions: Throughout the bulk of the paper, by an algebra we
mean an associative and unital algebra over a field k. Unless otherwise stated, k = C, the
field of complex numbers. The exception is Section 6 where algebras over commutative
rings are also admitted. The multiplication map in an algebra A is denoted by µA :
A ⊗ A → A and the unit map by ηA : k → A. The unit element 1A ∈ A, or simply
1 ∈ A, is obtained by evaluating the unit map on 1 ∈ k. We denote the category of left
A-modules by AM and that of right A-modules by MA. The full subcategory of finitely
generated projective left A-modules is denoted by AP ⊆ AM .
The comultiplication in a Hopf algebra H is denoted by ∆ (or ∆H if not sufficiently
clear from the context), the counit by ǫ (or ǫH), and the antipode by S (or SH). We
always assume that S is a bijective map. For comultiplications ∆ : H → H ⊗H , right
H-coactions δ : V → V ⊗H and left H-coactions ρ : V → H ⊗ V , we use the following
variant of Sweedler’s notation (with suppressed summation)
∆(h) = h1 ⊗ h2 , δ(v) = v0 ⊗ v1 , ρ(v) = v−1 ⊗ v0 . (1.1)
The category of left H-comodules is denoted by HM and that of right H-comodules by
MH . The category of finite-dimensional left H-comodules is denoted by HMfin.
2 Noncommutative Hopf fibrations
2.1 Principal comodule algebras
The study of connections on noncommutative principal bundles has been initiated in
[BM93] and developed further by the introduction of strong connections in [Haj96,
DGH01]. This framework has been extended beyond Hopf algebras in [BM98, BM00]
and then formalized in terms of principal coalgebra extensions in [BH09] and principal
comodule algebras in [HKMZ11].
Definition 2.1. Let H be a Hopf algebra with bijective antipode. A right H-comodule
algebra (A, δ) is called a principal comodule algebra if it admits a strong connection, i.e.
a linear map ℓ : H → A⊗ A, such that
ℓ(1H) = 1A ⊗ 1A (normalization) , (2.1a)
µA ◦ ℓ = 1A ◦ ǫH (splitting property) , (2.1b)
(id⊗ δ) ◦ ℓ = (ℓ⊗ id) ◦∆H (right colinearity) , (2.1c)
(δS ⊗ id) ◦ ℓ = (id⊗ ℓ) ◦∆H (left colinearity) , (2.1d)
where δ : A→ A⊗H is the right H-coaction and δS : A→ H ⊗A is the associated left
H-coaction defined by
δS := (S
−1 ⊗ id) ◦ flip ◦ δ : a 7−→ S−1(a1)⊗ a0 . (2.2)
In the context of noncommutative geometry, principal comodule algebras are inter-
preted as principal bundles. The algebra A is the algebra of functions on the (noncom-
mutative) total space, the Hopf algebra H is the structure (quantum) group and the
subalgebra of coinvariants
B := AcoH :=
{
a ∈ A : δ(a) = a⊗ 1H
}
⊆ A (2.3)
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is the algebra of functions on the (noncommutative) base space. Note that since δ is
an algebra homomorphism, B is indeed a subalgebra of A. The existence of a strong
connection ensures that A is a Hopf-Galois extension of B, i.e. that the canonical Galois
map
can := (µA ⊗ id) ◦ (id⊗ δ) : A⊗B A −→ A⊗H , a⊗B a
′ 7−→ a a′0 ⊗ a
′
1 (2.4)
is bijective. Explicitly, the inverse of the canonical Galois map is given by the composite
of
A⊗H
id⊗ℓ
// A⊗ A⊗A
µA⊗id
// A⊗ A // // A⊗B A . (2.5)
The Galois property encodes freeness of the action of the structure (quantum) group.
The existence of a strong connection also implies that A is an H-equivariantly pro-
jective left B-module, i.e. the restriction of the multiplication map to B ⊗A has a right
H-comodule left B-module splitting. Explicitly,
σ := (µA ⊗ id) ◦ (id⊗ ℓ) ◦ δ : A −→ B ⊗ A . (2.6)
In fact, a principal comodule algebra is the same as an H-equivariantly projective Hopf-
Galois extension. The projectivity property gives the notion of a principal comodule
algebra full geometric meaning, as it implies that A admits a noncommutative connection
in the sense of [CQ95]. This is in perfect concord with Cartan’s definition of a principal
action of a compact Lie group [Car50]. We return to these differential geometric aspects
of principal comodule algebras in Section 4.
Furthermore, a principal comodule algebra is the same as a faithfully-flat Hopf-Galois
extension, i.e. a Hopf-Galois extension A of B such that the tensor product functor
(−) ⊗B A : MB → Mk both preserves and reflects exact sequences. This gives an
algebraic geometry flavor to the notion of a principal comodule algebra, as it leads to
the faithfully flat descent property. As observed by H.-J. Schneider, in one of the key
results of Hopf-Galois theory [Sch90, Theorem I], if H admits an invariant integral (i.e.
H is coseparable) such as the Haar measure on the coordinate algebra of a compact
quantum group [Wor87], then surjectivity of the canonical Galois map (2.4) implies its
injectivity as well as faithful-flatness of A as a left B-module. An explicit construction
of a strong connection, in the more general situation of extensions by coalgebras, is given
in [BB08]. As a consequence, Hopf-Galois extensions given by typical Hopf algebras that
feature in noncommutative geometry, and in particular those found in the present text,
are automatically principal comodule algebras.
The reader interested in studying further the meaning of principal comodule algebras
in classical geometry is encouraged to consult [BHMS07].
2.2 The classical Hopf fibration
The Hopf fibration S3 → S2 can be described algebraically as follows. The total space is
given by the ∗-algebra A = O(S3) of functions on the algebraic 3-sphere. Concretely, A
is the free commutative ∗-algebra generated by z1 and z2, modulo the ∗-ideal generated
by the 3-sphere relation
z∗1z1 + z
∗
2z2 = 1 . (2.7)
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The structure group is described by the ∗-Hopf algebra H = O(U(1)) of functions on the
algebraic circle group U(1). Concretely, H is the free commutative ∗-algebra generated
by t, modulo the ∗-ideal generated by the circle relation
t∗ t = 1 . (2.8)
The coproduct, counit and antipode read as
∆(t) = t⊗ t , ǫ(t) = 1 , S(t) = t∗ . (2.9)
We endow A with the structure of a right H-comodule ∗-algebra by defining the right
H-coaction δ : A→ A⊗H on the generators as
δ(z1) = z1 ⊗ t , δ(z2) = z2 ⊗ t . (2.10a)
The compatibility condition δ ◦ ∗ = (∗ ⊗ ∗) ◦ δ between the coaction and ∗-involution
gives
δ(z∗1) = z
∗
1 ⊗ t
∗ , δ(z∗2) = z
∗
2 ⊗ t
∗ . (2.10b)
Lemma 2.2. The ∗-subalgebra of H-coinvariants
B := AcoH :=
{
a ∈ A : δ(a) = a⊗ 1
}
⊆ A (2.11)
is isomorphic to the ∗-algebra O(S2) of functions on the algebraic 2-sphere.
Proof. We find that AcoH ⊆ A is generated as a ∗-algebra by
z := 2 z1 z
∗
2 ∈ A
coH , x := z∗1z1 − z
∗
2z2 ∈ A
coH . (2.12)
These generators satisfy the relations
x∗ = x , z∗z + x2 = 1 , (2.13)
hence AcoH ∼= O(S2).
Proposition 2.3. The right H-comodule ∗-algebra (A, δ) described above is a principal
comodule algebra.
Proof. This is a special case of what was proven in [BS03]. We note in passing that a
strong connection can be defined iteratively by
ℓ(1) = 1⊗ 1 , ℓ(tn) =
{
z∗1 ℓ (t
n−1) z1 + z
∗
2 ℓ (t
n−1) z2 , for n > 0 ,
z1 ℓ (t
n+1) z∗1 + z2 ℓ (t
n+1) z∗2 , for n < 0 ,
(2.14)
for all n ∈ Z.
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2.3 2-cocycle deformations
We construct a 1-parameter family of noncommutative Hopf fibrations via 2-cocyle de-
formations, see e.g. [ABCS17] for the general framework. Let K = O(T2) denote the
∗-Hopf algebra of functions on the algebraic 2-torus. As a vector space, K is spanned
by the basis {
tm : m = (m1, m2) ∈ Z
2
}
, (2.15)
on which the product, unit and involution are defined by
tm tm′ = tm+m′ , 1 = t0 , t
∗
m
= t−m . (2.16)
The coproduct, counit and antipode are given by
∆(tm) = tm ⊗ tm , ǫ(tm) = 1 , S(tm) = t
∗
m
. (2.17)
We endow A with the structure of a left K-comodule ∗-algebra by defining the left
K-coaction ρ : A→ K ⊗A on the generators as
ρ(z1) = t(1,0) ⊗ z1 , ρ(z2) = t(0,1) ⊗ z2 . (2.18a)
The compatibility condition ρ ◦ ∗ = (∗ ⊗ ∗) ◦ ρ between the coaction and ∗-involution
implies
ρ(z∗1) = t(−1,0) ⊗ z
∗
1 , ρ(z
∗
2) = t(0,−1) ⊗ z
∗
2 . (2.18b)
Recalling the rightH-coaction from (2.10), we observe that (A, ρ, δ) is a (K,H)-bicomodule
∗-algebra, i.e. the diagram
A
ρ

δ
// A⊗H
ρ⊗id

K ⊗ A
id⊗δ
// K ⊗ A⊗H
(2.19)
commutes and both δ and ρ are algebra maps.
Every 2-cocycle σ : K ⊗K → C on K defines a deformation of K into a new Hopf
algebra Kσ as well as a deformation of the (K,H)-bicomodule algebra (A, ρ, δ) into a
deformed (Kσ, H)-bicomodule algebra (Aσ, ρ, δ). Our focus will be on the family of
2-cocycles defined by
σθ(tm ⊗ tm′) = exp
(
πimTΘm′
)
= exp
(
πi
∑2
j,k=1mjΘ
jkm′k
)
, (2.20a)
where
Θ =
(
0 θ
−θ 0
)
, θ ∈ R . (2.20b)
As K = O(T2) is commutative and cocommutative it follows that Kθ = K as Hopf
algebras. The deformed (K,H)-bicomodule ∗-algebra (Aθ, ρ, δ) is given as follows. As a
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(K,H)-bicomodule, we have that (Aθ, ρ, δ) = (A, ρ, δ), i.e. the left K-coaction and right
H-coaction remain undeformed. The product is deformed to the ⋆θ-product defined by
a ⋆θ a
′ := σθ
(
a−1 ⊗ a
′
−1
)
a0 a
′
0 . (2.21)
The unit 1θ = 1 and involution a
∗θ = a∗ remain undeformed. Using (2.18), (2.20) and
(2.21), we find the following commutation relations for the generators
z1 ⋆θ z
∗
1 = z
∗
1 ⋆θ z1 , z2 ⋆θ z
∗
2 = z
∗
2 ⋆θ z2 ,
z1 ⋆θ z2 = q z2 ⋆θ z1 , z1 ⋆θ z
∗
2 = q
−1 z∗2 ⋆θ z1 , (2.22)
where q = e2πi θ. A further calculation shows that
z∗1 ⋆θ z1 + z
∗
2 ⋆θ z2 = z
∗
1z1 + z
∗
2z2 = 1 , (2.23)
i.e. Aθ describes the Connes-Landi 3-sphere S
3
θ, see e.g. [CL01, CD-V02, LvS05].
Lemma 2.4. The ∗-subalgebra AcoHθ ⊆ Aθ of H-coinvariants does not depend on the
deformation parameter θ, i.e. AcoHθ = A
coH = B ∼= O(S2) is the commutative 2-sphere.
Proof. Recall from the proof of Lemma 2.2 that the undeformed ∗-algebra AcoH of coin-
variants is generated by the elements z := 2 z1 z
∗
2 and x := z
∗
1z1 − z
∗
2z2. Using (2.18), we
find that the left K-coaction on these elements is
ρ(z) = t(1,−1) ⊗ z , ρ(z
∗) = t(−1,1) ⊗ z
∗ , ρ(x) = 1⊗ x , (2.24)
which implies via (2.21) and (2.20) that their ⋆θ-products coincide with their undeformed
products.
Proposition 2.5. The right H-comodule ∗-algebra (Aθ, δ) described above is a principal
comodule algebra.
Proof. This follows directly from Proposition 2.3 and [ABCS17, Corollary 3.19]. Explic-
itly, a strong connection can be defined iteratively by
ℓ(1) = 1⊗ 1 , ℓ(tn) =
{
z∗1 ⋆θ ℓ (t
n−1) ⋆θ z1 + z
∗
2 ⋆θ ℓ (t
n−1) ⋆θ z2 , for n > 0 ,
z1 ⋆θ ℓ (t
n+1) ⋆θ z
∗
1 + z2 ⋆θ ℓ (t
n+1) ⋆θ z
∗
2 , for n < 0 ,
(2.25)
for all n ∈ Z. (Compare this expression with (2.14)).
3 Associated modules
3.1 Modules associated to principal comodule algebras
Let H be a Hopf algebra. Given any right H-comodule (M, δ : M → M ⊗H) and left
H-comodule (V, ρ : V → H⊗V ), the cotensor productMHV is defined as the equalizer
MHV // M ⊗ V
δ⊗id
//
id⊗ρ
// M ⊗H ⊗ V (3.1a)
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in the category of vector spaces. Explicitly,
MHV =
{∑
j
mj ⊗ vj ∈M ⊗ V :
∑
j
δ(mj)⊗ vj =
∑
j
mj ⊗ ρ(vj)
}
. (3.1b)
IfM is a (K,H)-bicomodule and V is an (H,L)-bicomodule for some other Hopf algebras
K and L, then the cotensor product MHV is a (K,L)-bicomodule.
Definition 3.1. Let (A, δ) be a principal H-comodule algebra with coinvariant sub-
algebra B = AcoH and let (V, ρ) be a left H-comodule. Since δ is a left B-module
homomorphism, the cotensor product EA(V ) := AHV is a left B-module via
B ⊗EA(V ) −→ EA(V ) , b⊗ (a⊗ v) 7−→ (b a)⊗ v . (3.2)
The corresponding functor
EA :
H
M −→ BM (3.3)
is called the associated module functor for the principal comodule algebra A.
As explained in [BH04], if V is finite-dimensional, then EA(V ) is a finitely generated
projective left B-module. In other words, (3.3) restricts to a functor
EA :
H
Mfin −→ BP . (3.4)
An idempotent for EA(V ) can be explicitly constructed from a strong connection ℓ on
A and a basis of V , see [BH04] and [BB05].
3.2 Modules associated to Hopf fibrations
The aim of this section is to compare the associated module functor EAθ for the deformed
Hopf fibration (Aθ, δ) (cf. Proposition 2.5) with the functor EA for the classical Hopf
fibration (A, δ) (cf. Proposition 2.3). As vector spaces,
EAθ(V ) = AθHV = AHV = EA(V ) . (3.5)
However, the left B-actions on these spaces are different. In view of (3.2), the left B-
module structure of EA(V ) comes from the commutative multiplication in A, restricted
to B ⊗A, while the left B-module structure of EAθ(V ) uses the noncommutative multi-
plication by ⋆θ. We shall prove below that the two functors EAθ and EA are naturally
isomorphic. This means that the theory of associated modules for the deformed Hopf
fibration (Aθ, δ) is equivalent to that for the classical Hopf fibration. Loosely speaking,
it could be said that associated modules do not depend on the deformation parameter
θ.
In order to construct this natural isomorphism we have to analyze the two different
left B-module structures in more detail. For this, it is convenient to decompose the
underlying (K,H)-bicomodule (Aθ, ρ, δ) = (A, ρ, δ) into irreducible representations. We
define the homogeneous (K,H)-bicomodules
A(m,n) :=
{
a ∈ A : ρ(a) = tm ⊗ a , δ(a) = a⊗ t
n
}
⊆ A , (3.6)
for all m = (m1, m2) ∈ Z
2 and n ∈ Z.
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Lemma 3.2. There exists a decomposition of the (K,H)-bicomodule (Aθ, ρ, δ) = (A, ρ, δ)
as
A =
⊕
m,n∈Z
A((m+n,−m),n) . (3.7)
The ⋆θ-product of homogeneous elements a ∈ A
((m+n,−m),n) and a′ ∈ A((m
′+n′,−m′),n′) is
a ⋆θ a
′ = eπi θ (mn
′−nm′) a a′ ∈ A((m+m
′+n+n′,−m−m′),n+n′) . (3.8)
Proof. Because A is the (K,H)-bicomodule underlying a finitely presented (K,H)-
bicomodule algebra, there exists a decomposition A =
⊕
m∈Z2,n∈ZA
(m,n), cf. [BSS17,
Lemma A.3]. As the generators are homogeneous elements
z1 ∈ A
((1,0),1) , z2 ∈ A
((0,1),1) , z∗1 ∈ A
((−1,0),−1) , z∗2 ∈ A
((0,−1),−1) , (3.9)
we observe that the non-vanishing components are as in (3.7). The formula for the
⋆θ-product on homogeneous elements follows directly from (2.21) and (2.20).
Corollary 3.3. From (3.7) it follows that
B = AcoH =
⊕
m∈Z
A((m,−m),0) ⊆ A (3.10)
for the ∗-subalgebra of H-coinvariants.
Given any left H-comodule (V, ρ), the vector space underlying the associated left
B-module admits a decomposition
AHV =
⊕
m,n∈Z
A((m+n,−m),n) ⊗ V n , (3.11a)
where
V n :=
{
v ∈ V : ρ(v) = tn ⊗ v
}
. (3.11b)
By (3.8), the deformed left B-action of homogeneous elements b ∈ A((m,−m),0) ⊆ B and
a⊗ v ∈ A((m
′+n′,−m′),n′) ⊗ V n
′
⊆ AHV is given by
b ⋆θ (a⊗ v) = (b ⋆θ a)⊗ v = e
πi θmn′ (b a)⊗ v . (3.12)
Proposition 3.4. For every left H-comodule (V, ρ), define a linear isomorphism
LV : AHV −→ AθHV (3.13a)
by setting
LV
(
a⊗ v
)
= eπi θmn a⊗ v , (3.13b)
for all homogeneous elements a ⊗ v ∈ A((m+n,−m),n) ⊗ V n. This linear isomorphism is
a left B-module isomorphism for EA(V ) and EAθ(V ). Moreover, the components (3.13)
define a natural isomorphism L : EA =⇒ EAθ between the associated module functor for
the classical Hopf fibration S3 → S2 and the one for the deformed Hopf fibration (Aθ, δ).
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Proof. For homogeneous elements b ∈ A((m,−m),0) ⊆ B and a⊗v ∈ A((m
′+n′,−m′),n′)⊗V n
′
⊆
AHV , we obtain
LV
(
b (a⊗ v)
)
= eπi θ (m+m
′)n′ (b a)⊗ v , (3.14a)
where (b a)⊗ v ∈ A((m+m
′+n′,−m−m′),n′) ⊗ V n
′
, and
b ⋆θ LV
(
a⊗ v
)
= eπ iθm
′n′ (b ⋆θ a)⊗ v = e
πi θm′n′ eπi θmn
′
(b a)⊗ v . (3.14b)
These two terms coincide, hence LV is a left B-module isomorphism. Naturality is a
straightforward check.
4 The Atiyah sequence and connections
4.1 Differential geometry of principal comodule algebras
Definition 4.1. A (first-order) differential calculus on an algebra A is a pair (Ω1(A), d)
consisting of an A-bimodule Ω1(A) and a linear map d : A→ Ω1(A), such that
(i) d(a a′) = a d(a′) + d(a) a′, for all a, a′ ∈ A,
(ii) Ω1(A) = A d(A) =
{∑
j aj d(a
′
j) : aj , a
′
j ∈ A
}
.
We say that (Ω1(A), d) is connected if d(a) = 0 if and only if a ∈ k1 ⊆ A.
Every differential calculus is a quotient of the universal calculus (Γ1(A), du). Recall
that the A-bimodule of universal 1-forms Γ1(A) := ker µA ⊆ A ⊗ A is the kernel of
the multiplication map and that the universal differential du : A → Γ
1(A) is defined as
du(a) = 1⊗ a− a⊗ 1, for all a ∈ A. We find that (Γ
1(A), du) is a connected differential
calculus. Given any A-subbimodule N ⊆ Γ1(A), the A-bimodule Ω1(A) = Γ1(A)/N and
A
d
//
du
!!
❈❈
❈❈
❈❈
❈❈
❈ Ω
1(A)
Γ1(A)
:: ::✉✉✉✉✉✉✉✉✉
(4.1)
defines a differential calculus (Ω1(A), d). Vice versa, every differential calculus is of this
form.
The case where H is a Hopf algebra was studied in detail in [Wor89]. Any right ideal
Q ⊆ H+ of the augmentation ideal H+ := ker ǫ that is invariant under the right adjoint
H-coaction ad : H+ → H+ ⊗ H , h 7→ h2 ⊗ S(h1)h3, i.e. ad(Q) ⊆ Q ⊗ H , induces a
bicovariant differential calculus onH . The corresponding H-subbimodule NH ⊆ Γ
1(H) is
generated by the image of Q ⊆ H+ under the linear map κ := (S⊗id)◦∆ : H+ → Γ1(H).
The quotient right H-comodule
h∨Q := H
+/Q (4.2)
plays the role of the dual of the quantum Lie algebra of H relative to Q. By construction,
there exists a map κQ that fits into the commutative diagram
0 // Q //
κ

H+ //
κ

h∨Q
//
κQ

✤
✤
✤
0
0 // NH // Γ
1(H) // Ω1(H) // 0
(4.3)
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whose rows are short exact sequences. The resulting H-bimodule of 1-forms Ω1(H) =
Γ1(H)/NH is freely generated by κQ(χi) ∈ Ω
1(H), where {χi} is a basis of h
∨
Q.
For a rightH-comodule algebra (A, δ), it is natural to demand that theA-subbimodule
N ⊆ Γ1(A) is invariant under the tensor product right H-coaction, i.e. δ(N) ⊆ N ⊗H .
More explicitly, ∑
j
(aj)0 ⊗ (a
′
j)0 ⊗ (aj)1 (a
′
j)1 ∈ N ⊗H , (4.4)
for all
∑
j aj ⊗ a
′
j ∈ N . The corresponding differential calculus (Ω
1(A), d) then satisfies
the property that Ω1(A) is a right H-comodule A-bimodule and that d : A → Ω1(A) is
a right H-comodule morphism. Further, given any ad-invariant right ideal Q ⊆ H+, we
may require that Q and N are compatible in the sense that ver(N) ⊆ A⊗Q, where the
(universal) vertical lift is defined as the linear map
ver := (µA ⊗ id) ◦ (id⊗ δ) : Γ
1(A) −→ A⊗H+ ,
∑
j aj ⊗ a
′
j 7−→
∑
j aj (a
′
j)0 ⊗ (a
′
j)1 .
(4.5)
Observe that in this case, the (universal) vertical lift descends to a linear map ver :
Ω1(A)→ A⊗ h∨Q defined by the diagram
Γ1(A) //
ver

Ω1(A) //
ver

✤
✤
✤
0
A⊗H+ // A⊗ h∨Q
// 0
(4.6)
If moreover there is an equality ver(N) = A⊗Q, we say that the two differential calculi
(Ω1(A), d) and (Ω1(H), d) are concordant.
It is well-known, see e.g. [BJM, Part VII, Proposition 6.6], that a right H-comodule
algebra (A, δ) is a Hopf-Galois extension of the coinvariant subalgebra B = AcoH if and
only if the (universal) Atiyah sequence
0 // AΓ1(B)A // Γ1(A)
ver
// A⊗H+ // 0 (4.7)
of right H-comodule left A-modules is short exact. In particular, for every principal
H-comodule algebra (A, δ), the sequence (4.7) is short exact. The right H-comodule
A-bimodule
AΓ1(B)A :=
{∑
j
aj bj ⊗ b
′
j a
′
j : aj , a
′
j ∈ A , bj , b
′
j ∈ B with
∑
j
ajbjb
′
ja
′
j = 0
}
(4.8)
is called the module of universal horizontal 1-forms. Let us also recall that the right
H-coactions on both AΓ1(B)A and Γ1(A) are induced by the tensor product coaction
on A⊗A. As well, the right H-coaction on A⊗H+ is the tensor product coaction with
H+ endowed with the right adjoint H-coaction ad : h 7→ h2 ⊗ S(h1)h3.
Definition 4.2. A connection with respect to the universal differential calculus on a
principal H-comodule algebra (A, δ) is a right H-comodule left A-module splitting s :
A⊗H+ → Γ1(A) of (4.7), i.e. ver ◦ s = id. Every connection s is fully determined by its
connection form
ω : H+ −→ Γ1(A) , h 7−→ s(1A ⊗ h) . (4.9)
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Associated to a connection s : A ⊗ H+ → Γ1(A), or equivalently to its connection
form ω : H+ → Γ1(A), is its covariant derivative
D := (id− s ◦ ver) ◦ du : A −→ AΓ
1(B)A , a 7−→ du(a)− a0 ω
(
a1 − ǫ(a1)1H
)
.
(4.10)
A connection is called strong provided that D(A) ⊆ Γ1(B)A. Strong connections are
in one-to-one correspondence with maps ℓ : H → A ⊗ A satisfying the conditions (2.1)
in Definition 2.1, see e.g. [DGH01] or [BH09]. A covariant derivative D of a strong
connection is a connection on the left B-module A, in the sense of [CQ95]. Every
strong connection defines a connection, for the universal calculus, on the associated left
B-module EA(V ) = AHV via
∇ : EA(V ) −→ Γ
1(B)⊗B EA(V ) , a⊗ v 7−→ D(a)⊗ v . (4.11)
It has been observed in [Haj97] that for concordant differential calculi (Ω1(A), d) and
(Ω1(H), d), i.e. ver(N) = A⊗Q, exactness of the universal Atiyah sequence (4.7) implies
exactness of the induced sequence
0 // Ω1(A)hor // Ω
1(A)
ver
// A⊗ h∨Q
// 0 (4.12)
of right H-comodule left A-modules. The module of horizontal 1-forms is defined by
Ω1(A)hor :=
AΓ1(B)A
AΓ1(B)A ∩N
= AΩ1(B)A , (4.13)
where (Ω1(B), d) is the differential calculus onB that is determined by theB-subbimodule
NB := (kerµB) ∩ N ⊆ Γ
1(B). Equivalently, this differential calculus may by obtained
from (Ω1(A), d) as a restriction, i.e. Ω1(B) = B d(B) ⊆ Ω1(A), see e.g. [BM19, Chap-
ter 5]. The short exact sequence (4.12) will be referred to as the Atiyah sequence for the
concordant differential calculi (Ω1(A), d) and (Ω1(H), d).
Definition 4.3. A connection with respect to concordant differential calculi (Ω1(A), d)
and (Ω1(H), d) on a principal H-comodule algebra (A, δ) is a right H-comodule left A-
module splitting s : A ⊗ h∨Q → Ω
1(A) of the Atiyah sequence (4.12), i.e. ver ◦ s = id.
Every connection s is fully determined by its connection form
ω : h∨Q −→ Ω
1(A) , h 7−→ s(1A ⊗ h) . (4.14)
Similarly to the case of the universal calculus above, associated to a connection
s : A ⊗ h∨Q → Ω
1(A), or equivalently to its connection form ω : h∨Q → Ω
1(A), is its
covariant derivative
D := (id− s ◦ ver) ◦ d : A −→ Ω1hor(A) , a 7−→ d(a)− a0 ω
(
a1 − ǫ(a1)1H
)
. (4.15)
A connection is said to be strong provided that D(A) ⊆ Ω1(B)A. Every strong connec-
tion defines a connection for the differential calculus (Ω1(B), d) on the associated left
B-module EA(V ) = AHV via
∇ : EA(V ) −→ Ω
1(B)⊗B EA(V ) , a⊗ v 7−→ D(a)⊗ v . (4.16)
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4.2 The universal Atiyah sequence for Hopf fibrations
Consider the (K,H)-bicomodule algebra (Aθ, ρ, δ) from Section 2.3 which describes the
deformed Hopf fibration. As the underlying right H-comodule algebra (Aθ, δ) is a prin-
cipal comodule algebra (cf. Proposition 2.5), we obtain from (4.7) the corresponding
(universal) Atiyah sequence
0 // Aθ Γ
1(B)Aθ // Γ
1(Aθ)
verθ
// Aθ ⊗H
+ // 0 . (4.17)
Let us emphasize that B = AcoHθ ⊆ Aθ is the algebra of functions on the classical 2-
sphere (cf. Lemma 2.4) and that the vertical lift (4.5), in the present case, involves the
⋆θ-product of Aθ, i.e.
verθ : Γ
1(Aθ) −→ Aθ ⊗H
+ ,
∑
j
aj ⊗ a
′
j 7−→
∑
j
(
aj ⋆θ (a
′
j)0
)
⊗ (a′j)1 . (4.18)
Note that (4.17) is a short exact sequence of (K,H)-bicomodule left Aθ-modules. Setting
the deformation parameter θ = 0, we obtain the (universal) Atiyah sequence of the
classical Hopf fibration S3 → S2
0 // AΓ1(B)A // Γ1(A)
ver
// A⊗H+ // 0 . (4.19)
This is a short exact sequence of (K,H)-bicomodule left A-modules. Utilizing the 2-
cocycle deformation functor from [ABCS17, Proposition 2.25 (ii)], we obtain a short
exact sequence of (K,H)-bicomodule left Aθ-modules
0 //
(
AΓ1(B)A
)
θ
// Γ1(A)θ
ver
//
(
A⊗H+
)
θ
// 0 . (4.20)
As a sequence of (K,H)-bicomodules, (4.20) coincides with (4.19). The left Aθ-module
structures on the objects in (4.20) are obtained by the following construction: Given
any (K,H)-bicomodule left A-module M , the deformed left Aθ-action on the (K,H)-
bicomodule left Aθ-module Mθ is
a ⋆θ m := σθ(a−1 ⊗m−1) a0m0 , (4.21)
for all a ∈ Aθ and m ∈Mθ.
Proposition 4.4. Consider the (K,H)-bicomodule isomorphism
ϕθ : Aθ ⊗Aθ −→ (A⊗A)θ , a⊗ a
′ 7−→ σθ(a−1 ⊗ a
′
−1) a0 ⊗ a
′
0 . (4.22)
Then
0 // Aθ Γ
1(B)Aθ
ϕθ

// Γ1(Aθ)
ϕθ

verθ
// Aθ ⊗H
+
id

// 0
0 //
(
AΓ1(B)A
)
θ
// Γ1(A)θ
ver
//
(
A⊗H+
)
θ
// 0
(4.23)
is an isomorphism of short exact sequences of (K,H)-bicomodule left Aθ-modules.
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Proof. Note that (4.22) relates the deformed and undeformed product via µAθ = µA◦ϕθ.
As a consequence, it restricts to the middle vertical arrow in (4.23). The 2-cocycle
property of σθ implies that the middle vertical arrow is a (K,H)-bicomodule left Aθ-
module isomorphism. From (2.24) we find that ϕθ acts as the identity on Γ
1(B) ⊆
B ⊗ B ⊆ Aθ ⊗ Aθ. Together with the previous result, this implies that the left vertical
arrow in (4.23) has the claimed domain and codomain and that it is a (K,H)-bicomodule
left Aθ-module isomorphism. The left square commutes by construction.
The right vertical arrow in (4.23) is a (K,H)-bicomodule left Aθ-module isomorphism
because the K-coaction on H+ is trivial. We see directly that the right square commutes
by
ver ◦ ϕθ
(∑
j
aj ⊗ a
′
j
)
=
∑
j
σθ
(
(aj)−1 ⊗ (a
′
j)−1
)
(aj)0 (a
′
j)0
0
⊗ (a′j)0
1
=
∑
j
σθ
(
(aj)−1 ⊗ (a
′
j)0
−1
)
(aj)0 (a
′
j)0
0
⊗ (a′j)1
=
∑
j
aj ⋆θ (a
′
j)0 ⊗ (a
′
j)1 = verθ
(∑
j
aj ⊗ a
′
j
)
, (4.24)
for all
∑
j aj ⊗ a
′
j ∈ Γ
1(Aθ), where in the second step we used (2.19).
4.3 The Atiyah sequence for Ka¨hler forms
For a commutative algebra A, the product map µA : A ⊗ A → A is an algebra homo-
morphism when A⊗A is endowed with the tensor algebra structure (a⊗ a′) (a˜⊗ a˜′) :=
(a a˜) ⊗ (a′ a˜′). This implies that ker µA ⊆ A⊗ A is an ideal. Recall that the module of
Ka¨hler 1-forms on A is defined as the quotient A-bimodule
Ω1(A) :=
ker µA
(ker µA)2
=
Γ1(A)
(ker µA)2
. (4.25)
The Ka¨hler differential d : A → Ω1(A) is the composition of the universal differential
du : A → Γ
1(A) and the quotient map Γ1(A) ։ Ω1(A). In other words, (Ω1(A), d) is
the first-order differential calculus presented by the quotient of the universal calculus
(Γ1(A), du) by the A-subbimodule N := (ker µA)
2 ⊆ Γ1(A).
For a commutativeHopf algebraH , the Ka¨hler differential calculus onH is bicovariant
and it corresponds to the ad-invariant right ideal Q = (H+)
2
, where H+ = ker ǫ. Given
further a commutative principal H-comodule algebra (A, δ), with coinvariants B = AcoH ,
both Γ1(A) = ker µA ⊆ A⊗A and A⊗H
+ ⊆ A⊗H are ideals with respect to the tensor
algebra structures. It is easily checked that the vertical lift ver : Γ1(A)→ A⊗H+ is an
algebra homomorphism, hence it maps (kerµA)
2 to (A ⊗ H+)2 = A ⊗ (H+)2. Because
the latter map is surjective, the Ka¨hler differential calculi on A and H are concordant.
Hence, there is a corresponding short exact Atiyah sequence (4.12) for Ka¨hler forms in
which
Ω1hor(A) :=
AΓ1(B)A
(AΓ1(B)A) ∩ (kerµA)2
= AΩ1(B)A , h∨ := h∨Q =
H+
(H+)2
, (4.26)
and Ω1(B) = Γ1(B)/NB is determined by NB = (ker µA)
2 ∩ Γ1(B) ⊆ Γ1(B).
It might be worth pointing out that, in general, Ω1(B) defined above by the restriction
of the Ka¨hler 1-forms on A is not necessarily the module of Ka¨hler 1-forms on B.
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Example 4.5. Let k be a field of characteristic p and A = k[x, x−1] the commutative
algebra of Laurent polynomials in x. Further, let H = kZp be the group Hopf algebra
of the cyclic group of order p. The latter may be presented as the commutative algebra
H = k[ξ]/(1 − ξp), equipped with the coproduct ∆(ξ) = ξ ⊗ ξ, counit ǫ(ξ) = 1 and
antipode S(ξ) = ξ−1. (By ξ−1 ∈ H we mean the element represented by ξp−1 ∈ k[ξ].)
We endow A with the structure of a right H-comodule algebra by defining δ(x) = x⊗ ξ
and δ(x−1) = x−1 ⊗ ξ−1. The H-coinvariant subalgebra B = k[xp, x−p] ⊆ k[x, x−1] = A
is the algebra of Laurent polynomials in xp. We further observe that (A, δ) is a principal
comodule algebra with strong connection ℓ : H → A⊗A defined by
ℓ(ξn) = x−n ⊗ xn , for n = 0, . . . , p− 1 . (4.27)
Because A = k[x, x−1] ∼= k[x, y]/(xy − 1) admits a finite presentation by two generators
x and y, the corresponding module of Ka¨hler 1-forms is isomorphic to the quotient
Ω1(A) ∼= (A dx ⊕ A dy)/〈y dx + x dy〉, see e.g. [Eis95, Section 16.1]. The generator
dy can be eliminated by the relation dy = −y2 dx, which implies that Ω1(A) = A dx.
(Note that dx−1 = −x−2dx in this calculus.) Restricting the Ka¨hler 1-forms Ω1(A) to
B = k[xp, x−p] ⊆ k[x, x−1] = A defines the trivial differential calculus Ω1(B) = 0. This
follows as k is a field of characteristic p, by hypothesis, and hence d(xp) = p xp−1 dx = 0.
On the other hand, the Ka¨hler differential calculus on B is non-trivial.1
In view of the above comment and example, it is useful to observe the following
lemma.
Lemma 4.6. Let A = k[x1, . . . , xn]/JA be a finitely generated algebra and B ⊆ A the
subalgebra generated by X1, . . . , Xm ∈ k[x1, . . . , xn]. If the set {dx(X1), . . . , dx(Xm)}
is free in the module underlying the Ka¨hler differential calculus (Ω1(k[x1, . . . , xn]), dx)
on the free algebra k[x1, . . . , xn], then the Ka¨hler differential calculus (Ω
1(B), dB) on B
is isomorphic to the restriction (B dA(B), dA) ⊆ (Ω
1(A), dA) to B ⊆ A of the Ka¨hler
differential calculus on A.
Proof. Recall from [Eis95, Proposition 16.1] that Ω1(k[x1, . . . , xn]) and Ω
1(k[X1, . . . , Xm])
are free modules. By our hypothesis that {dx(X1), . . . , dx(Xm)} is free in Ω
1(k[x1, . . . , xn]),
it follows that the map
Ω1(k[X1, . . . , Xm]) −→ Ω
1(k[x1, . . . , xn]) ,
∑
j
fj dX(Xj) 7−→
∑
j
fj dx(Xj) (4.28a)
is injective and hence it defines an isomorphism
Ω1(k[X1, . . . , Xm]) ∼= k[X1, . . . , Xm] dx
(
k[X1, . . . , Xm]
)
. (4.28b)
As Ω1(A) is given by the quotient of Ω1(k[x1, . . . , xn]) by the ideal (JA, dxJA) generated
by JA and dxJA, and likewise Ω
1(B) = Ω1(k[X1, . . . , Xm])/(JB, dXJB) with JB := JA ∩
k[X1, . . . , Xm], see e.g. [Eis95, Section 16.1], the required isomorphism is induced by the
following diagram with exact rows
0 // (JB, dXJB)
∼=

// Ω1(k[X1, . . . , Xm]) //
∼=

Ω1(B) //
∼=

✤
✤
✤
0
0 // (JB, dxJB) // k[X1, . . . , Xm] dx
(
k[X1, . . . , Xm]
)
// B dA(B) // 0
(4.29)
where the solid vertical arrows arise from (4.28).
1We are grateful to Christian Lomp for his comment, which led us to Example 4.5.
16
Let us consider now the Atiyah sequence (4.12) for the classical Hopf fibration S3 →
S2 and the Ka¨hler differential calculi on A = O(S3) and H = O(U(1)), i.e.
0 // Ω1hor(A)
// Ω1(A)
ver
// A⊗ h∨ // 0 . (4.30)
The vector space h∨ = H+/ (H+)
2
is the algebraic cotangent space of U(1) at the unit
element. Its dual is the vector space underlying the Lie algebra of U(1), i.e. the vector
space h := Derǫ(H) of derivations relative to ǫ : H → C. Recall that X ∈ Derǫ(H) is a
linear map X : H → C such that X(h h′) = X(h) ǫ(h′) + ǫ(h)X(h′), for all h, h′ ∈ H .
It is easily checked that h = Derǫ(H) ∼= C is 1-dimensional. Furthermore, since the
generators z = 2z1z
∗
2 , z
∗ = 2z∗1z2 and x = z
∗
1z1 − z
∗
2z2 of B = A
coH ∼= O(S2) (cf. Lemma
2.2) satisfy the conditions of Lemma 4.6, the horizontal forms in (4.30) are
Ω1hor(A) = AΩ
1(B)A = AΩ1(B) = Ω1(B)A , with Ω1(B) =
ker µB
(kerµB)
2 . (4.31)
As (A, δ, ρ) is a (K,H)-bicomodule algebra, it follows that (4.30) is a short exact sequence
of (K,H)-bicomodule left A-modules. Applying the 2-cocycle deformation functor from
[ABCS17, Proposition 2.25 (ii)], we obtain the short exact sequence of (K,H)-bicomodule
left Aθ-modules
0 // Ω1hor(A)θ
// Ω1(A)θ
ver
//
(
A⊗ h∨
)
θ
// 0 . (4.32)
A similar construction applies to the deformed Hopf fibration described by the (K,H)-
bicomodule algebra (Aθ, ρ, δ) from Section 2.3. The key point is that Aθ is braided
commutative (see e.g. [BSS17]) in the sense of
a ⋆θ a
′ = Rθ(a
′
−1 ⊗ a−1) a
′
0 ⋆θ a0 , (4.33a)
for all a, a′ ∈ Aθ, with cotriangular structure Rθ : K ⊗K → C given by
Rθ(tm ⊗ tm′) = σθ(tm ⊗ tm′)
−2 = exp
(
−2πimTΘm′
)
. (4.33b)
The product map µAθ : Aθ ⊗ Aθ → Aθ is an algebra homomorphism when Aθ ⊗ Aθ is
endowed with the braided tensor algebra structure (a⊗a′) (a˜⊗ a˜′) := Rθ(a˜−1⊗a
′
−1) (a⋆θ
a˜0) ⊗ (a
′
0 ⋆θ a˜
′). Consequently, ker µAθ ⊆ Aθ ⊗ Aθ is an ideal and the deformed Ka¨hler
forms may be defined as
Ω1(Aθ) :=
ker µAθ
(kerµAθ)
2
. (4.34)
The vertical lift in (4.17) is an algebra homomorphism with respect to the braided tensor
algebra structures. Hence, it maps (ker µAθ)
2 to (Aθ ⊗H
+)2 = Aθ ⊗ (H
+)2. In analogy
to (4.30), we obtain the quotient short exact sequence
0 // Ω1hor(Aθ)
// Ω1(Aθ)
verθ
// Aθ ⊗ h
∨ // 0 . (4.35)
Proposition 4.7. The isomorphism from Proposition 4.4 descends to an isomorphism
of short exact sequences of (K,H)-bicomodule left Aθ-modules
0 // Ω1hor(Aθ)
ϕθ

// Ω1(Aθ)
ϕθ

verθ
// Aθ ⊗ h
∨
id

// 0
0 // Ω1hor(A)θ
// Ω1(A)θ
ver
//
(
A⊗ h∨
)
θ
// 0
(4.36)
between (4.35) and (4.32).
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Proof. Using the 2-cocycle property of σθ, it can be shown that the map ϕθ : Aθ⊗Aθ →
(A⊗A)θ given in (4.22) is an algebra isomorphism with respect to the following algebra
structures: As above, the domain Aθ ⊗ Aθ is endowed with the braided tensor algebra
structure, i.e.
(a⊗ a′) (a˜⊗ a˜′) := Rθ(a˜−1 ⊗ a
′
−1) (a ⋆θ a˜0)⊗ (a
′
0 ⋆θ a˜
′) . (4.37a)
The codomain (A ⊗ A)θ is endowed with the 2-cocycle deformation of the usual tensor
algebra structure on A⊗ A, i.e.
(a⊗ a′) ⋆θ (a˜⊗ a˜
′) := σθ(a−1 a
′
−1 ⊗ a˜−1 a˜
′
−1) (a0 a˜0)⊗ (a
′
0 a˜
′
0) . (4.37b)
As a consequence, ϕθ restricts to an isomorphism ϕθ : (ker µAθ)
2 → (kerµA)
2
θ, which
implies the claimed isomorphism.
Corollary 4.8. Ω1hor(Aθ) = AθΩ
1(B)Aθ = AθΩ
1(B) = Ω1(B)Aθ with Ω
1(B) the Ka¨hler
1-forms on B = AcoHθ ⊆ Aθ.
Proof. By (4.31) and invertibility of the 2-cocycle σθ, it follows that
Ω1hor(A)θ = Aθ ⋆θ Ω
1(B) ⋆θ Aθ = Aθ ⋆θ Ω
1(B) = Ω1(B) ⋆θ Aθ , (4.38)
where ⋆θ denotes the deformed left and right Aθ-module structures on Ω
1(A)θ. The
isomorphism given by the left vertical arrow in (4.36) implies our claim. Explicitly, it
maps a dθ(b) a
′ ∈ AθΩ
1(B)Aθ ⊆ Ω
1(Aθ) to a ⋆θ d(b) ⋆θ a
′ ∈ Aθ ⋆θ Ω
1(B) ⋆θ Aθ ⊆ Ω
1(A)θ,
where d denotes the differential on Ω1(A) and dθ the one on Ω
1(Aθ).
4.4 Connections
The aim of this section is to characterize connections with respect to the Ka¨hler dif-
ferential calculi for both the classical Hopf fibration S3 → S2 and the deformed Hopf
fibration. It will be shown that they are equivalent in a suitable sense.
We first consider the classical Hopf fibration (A, δ) from Section 2.2. By Definition
4.3, the set of connections is the set of splittings of (4.30) or equivalently the set of
connection forms
Con(A, δ) :=
{
ω ∈ HomH
(
h∨,Ω1(A)
)
: ver ◦ ω = 1⊗ id
}
, (4.39)
where HomH denotes the set of right H-comodule morphisms. Let us recall that h =
Derǫ(H) ∼= C is 1-dimensional and choose a basis X ∈ h, e.g. the linear map
X : H −→ C , tn 7−→ n . (4.40)
Let χ ∈ h∨ be the dual basis defined by 〈χ,X〉 = 1. Composing ver with the evaluation
map 〈−, X〉 : h∨ → C defines the morphism
verX : Ω1(A) −→ A , ω 7−→ verX(ω) := 〈ver(ω), X〉 . (4.41)
As the right adjoint H-coaction on h∨ is trivial, it follows that
Con(A, δ) ∼=
{
ω ∈ Ω1(A)coH : verX(ω) = 1
}
. (4.42)
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The bijection is given explicitly by ω(χ) = ω, for the dual basis vector χ ∈ h∨. Analo-
gously, the set of connections for the deformed Hopf fibration (Aθ, δ) from Section 2.3 is
the set of splittings of (4.35) or equivalently the set of connection forms
Con(Aθ, δ) :=
{
ωθ ∈ Hom
H
(
h∨,Ω1(Aθ)
)
: verθ ◦ ωθ = 1⊗ id
}
∼=
{
ωθ ∈ Ω
1(Aθ)
coH : verXθ (ωθ) = 1
}
. (4.43)
Notice that every connection on (A, δ) and also every connection on (Aθ, δ) is strong
because of (4.31) and Corollary 4.8.
Proposition 4.9. The map ϕθ introduced in Proposition 4.7 defines a bijection
ϕθ : Con(Aθ, δ) −→ Con(A, δ) , ωθ 7−→ ϕθ(ωθ) . (4.44)
Proof. Commutativity of the diagram (4.36) implies verX
(
ϕθ(ωθ)
)
= verXθ (ωθ) = 1,
i.e. ϕθ(ωθ) ∈ Con(A, δ). The inverse map Con(A, δ) → Con(Aθ, δ) is given by ω 7→
ϕ−1θ (ω).
Remark 4.10. Similar results for connections on modules were proven in [AS14, BSS16].
△
Our next aim is to refine the result of Proposition 4.9 by using more explicit features
of the example under investigation. Using [Eis95, Section 16.1], the module of Ka¨hler
1-forms on A can be computed as
Ω1(A) =
A dz1 ⊕ A dz2 ⊕A dz
∗
1 ⊕A dz
∗
2
〈dz∗1 z1 + z
∗
1 dz1 + dz
∗
2 z2 + z
∗
2 dz2〉
, (4.45)
where the right A-action is defined by s a := a s, for all a ∈ A and s ∈ A dz1 ⊕ A dz2 ⊕
A dz∗1 ⊕ A dz
∗
2 . The differential d : A → Ω
1(A) is specified by mapping each genera-
tor z1, z2, z
∗
1 , z
∗
2 of A to the corresponding generator dz1, dz2, dz
∗
1 , dz
∗
2 of (4.45) and the
Leibniz rule. Moreover, the vertical lift verX : Ω1(A)→ A is given by
verX(a da′) = a a′0 X(a
′
1) , (4.46)
for all a, a′ ∈ A.
Using braided commutativity of the deformed Hopf fibration (Aθ, δ, ρ), a similar com-
putation shows that the module of Ka¨hler 1-forms on Aθ reads as
Ω1(Aθ) =
Aθ dθz1 ⊕Aθ dθz2 ⊕ Aθ dθz
∗
1 ⊕ Aθ dθz
∗
2
〈dθz∗1 z1 + z
∗
1 dθz1 + dθz
∗
2 z2 + z
∗
2 dθz2〉
, (4.47)
where the right Aθ-action is defined using the cotriangular structure (4.33) by s a :=
Rθ(a−1 ⊗ s−1) a0 s0, for all a ∈ Aθ and s ∈ Aθ dθz1 ⊕ Aθ dθz2 ⊕ Aθ dθz
∗
1 ⊕ Aθ dθz
∗
2 . The
differential dθ : Aθ → Ω
1(Aθ) is specified by mapping each generator z1, z2, z
∗
1 , z
∗
2 of Aθ
to the corresponding generator dθz1, dθz2, dθz
∗
1 , dθz
∗
2 of (4.47) and the Leibniz rule. The
vertical lift verXθ : Ω
1(Aθ)→ Aθ is given by
verXθ (a dθa
′) = a ⋆θ a
′
0 X(a
′
1) , (4.48)
for all a, a′ ∈ Aθ.
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Lemma 4.11. The 1-form ω0 := z∗1 dz1 + z
∗
2 dz2 ∈ Ω
1(A) defines a K-coinvariant con-
nection on the classical Hopf fibration (A, δ). Hence, there exists a bijection
Con(A, δ) ∼=
{
ω0 + α : α ∈ Ω1(B)
}
. (4.49)
Analogously, the 1-form ω0θ := z
∗
1 dθz1 + z
∗
2 dθz2 ∈ Ω
1(Aθ) defines a K-coinvariant con-
nection on the deformed Hopf fibration (Aθ, δ). Hence, there exists a bijection
Con(Aθ, δ) ∼=
{
ω0θ + α : α ∈ Ω
1(B)
}
. (4.50)
Proof. The one-form ω0 is clearly H-coinvariant and K-coinvariant. Using (4.46) and
(4.40), it is found that
verX
(
ω0
)
= z∗1 z1X(t) + z
∗
2 z2X(t) = z
∗
1 z1 + z
∗
2 z2 = 1 . (4.51)
The bijection is a consequence of Ω1hor(A)
coH = Ω1(B) being the Ka¨hler forms on B, cf.
(4.31).
Analogously, ω0θ is H-coinvariant and K-coinvariant. Using (4.48) and (4.40), it is
found that
verXθ
(
ω0θ
)
= z∗1 ⋆θ z1 + z
∗
2 ⋆θ z2 = 1 , (4.52)
where the last step uses (2.23). The bijection is a consequence of Ω1hor(Aθ)
coH = Ω1(B)
being the Ka¨hler forms on B, cf. Corollary 4.8.
Proposition 4.12. Expressed in the form of Lemma 4.11, the bijection from Proposition
4.9 reads explicitly as
ϕθ : Con(Aθ, δ) −→ Con(A, δ) , ω
0
θ + α 7−→ ω
0 + α . (4.53)
In other words, the affine map ϕθ preserves the points ω
0
θ and ω
0, and its linear part
given by the identity map id : Ω1(B)→ Ω1(B).
Proof. The isomorphism ϕθ : Ω
1(Aθ)→ Ω
1(A)θ is explicitly given by
ϕθ
(
a dθa
′
)
= σθ(a−1 ⊗ a
′
−1) a0 da
′
0 = a ⋆θ da
′ , (4.54)
for all a, a′ ∈ Aθ. From this, it is easily confirmed that ϕθ(ω
0
θ) = ω
0 and that ϕθ(b dθb
′) =
b db′, for all b, b′ ∈ B.
4.5 Gauge transformations
We describe a notion of (infinitesimal) gauge transformations for both the deformed
and the classical Hopf fibration, together with their actions on connections. We shall
show that our identification of connections from Propositions 4.9 and 4.12 intertwines
between the deformed and classical gauge transformations. In other words, the theory of
connections and their infinitesimal gauge transformations on the deformed Hopf fibration
(Aθ, δ) is equivalent to that on the classical Hopf fibration S
3 → S2.
Let us note that our notion of gauge transformations will be formalized by braided
derivations and hence it makes explicitly use of the braided commutativity of Aθ. There
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also exists a more flexible concept of gauge transformations given by right H-comodule
left B-module automorphisms f : A → A satisfying f(1) = 1, see e.g. [Brz96]. Note
that such f are not required to be algebra homomorphisms. However, for commutative
principal comodule algebras, this definition does not recover the usual concept of gauge
transformations in classical geometry, in contrast to our more special approach by braided
derivations. As a last remark, let us note that it would also be possible to describe finite
gauge transformations by using the noncommutative mapping spaces from [BSS17]. This
is technically more involved and will not be discussed here.
We describe presently the case of infinitesimal gauge transformations of the deformed
Hopf fibration (Aθ, δ), which includes the classical case (A, δ) by setting θ = 0. Consider
the associated left B-module EAθ(h) = AθHh, where h = Derǫ(H) is endowed with the
adjoint left H-coaction, which is trivial as U(1) is Abelian. Hence, EAθ(h)
∼= B ⊗ h as
left B-modules and, using the basis element X ∈ h from (4.40), any element ζ ∈ EAθ(h)
can be written as ζ = b ⊗X , for a unique b ∈ B. We define an action of EAθ(h) on Aθ
by setting
a θ⊳ ζ := a0 ⋆θ b X(a1) , (4.55)
for all ζ = b⊗X ∈ EAθ(h) and a ∈ Aθ. It is easily checked that
(a ⋆θ a
′) θ⊳ ζ = a ⋆θ
(
a′ θ⊳ ζ
)
+Rθ(ζ−1 ⊗ a
′
−1)
(
a θ⊳ ζ0
)
a′0 , (4.56)
for all a, a′ ∈ Aθ and ζ ∈ EAθ(h), i.e. EAθ(h) acts on Aθ from the right by braided
derivations. In particular, this action preserves the left B-module structure on Aθ, i.e.
(b′ ⋆θ a) θ⊳ ζ = b
′ ⋆θ (a θ⊳ ζ), for all b
′ ∈ B, a ∈ Aθ and ζ ∈ EAθ(h).
This action can be extended to the differential graded algebra (Ω•(Aθ),∧θ, dθ) of
deformed Ka¨hler forms. The latter is obtained by the braided exterior algebra of the
symmetric Aθ-bimodule Ω
1(Aθ), i.e. the wedge-product ∧θ satisfies the braided graded
commutativity property λ∧θ λ
′ = (−1)nm Rθ(λ
′
−1⊗ λ−1) λ
′
0 ∧θ λ0, for all homogeneous
λ ∈ Ωn(Aθ) and λ
′ ∈ Ωm(Aθ), while the differential satisfies the graded Leibniz rule
2
dθ(λ ∧θ λ
′) = λ ∧θ (dθλ
′) + (−1)m (dθλ) ∧θ λ
′ , (4.57)
for all λ ∈ Ω•(Aθ) and all homogeneous λ
′ ∈ Ωm(Aθ).
Remark 4.13. Using that the isomorphism Ω1(Aθ) ∼= Ω
1(A)θ from Proposition 4.7 is an
isomorphism of (K,H)-bicomodule Aθ-bimodules, we obtain a canonical isomorphism of
differential graded algebras
(Ω•(Aθ),∧θ, dθ) ∼= (Ω
•(A),∧, d)θ (4.58)
to the 2-cocycle deformation of the differential graded algebra of undeformed Ka¨hler
forms. By a convenient abuse of notation, we shall often suppress this isomorphism in
what follows, i.e. we simply identify λ ∧θ λ
′ ∈ Ω•(Aθ) with the deformed wedge-product
λ ∧θ λ
′ = σθ(λ−1 ⊗ λ
′
−1) λ0 ∧ λ
′
0 ∈ Ω
•(A)θ and dθλ ∈ Ω
•(Aθ) with dλ ∈ Ω
•(A)θ. △
2Our variant of the graded Leibniz rule is obtained by thinking of dθ as acting from the right. This
is a convenient choice of convention for the present work, because all other operations (e.g. covariant
derivatives and gauge transformations) also act from the right.
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For every ζ = b ⊗X ∈ EAθ(h), we define the contraction map ι
θ
ζ : Ω
1(Aθ) → Aθ by
setting
ιθζ(a dθa
′) := a ⋆θ (a
′
θ⊳ ζ) = ver
X
θ (a dθa
′) ⋆θ b , (4.59)
for all a, a′ ∈ Aθ. Because ver
X
θ is a left B-module morphism, ι
θ
ζ preserves the left B-
module structures too, i.e. ιθζ(b
′ ⋆θ λ) = b
′ ⋆θ ι
θ
ζ(λ), for all b
′ ∈ B and λ ∈ Ω1(Aθ). This
map can be extended to the whole of Ω•(Aθ) as a braided anti-derivation, i.e.
ιθζ(λ ∧θ λ
′) = λ ∧θ ι
θ
ζ(λ
′) + (−1)mRθ(ζ−1 ⊗ λ
′
−1) ι
θ
ζ0
(λ) ∧θ λ
′
0 , (4.60)
for all λ ∈ Ω•(Aθ) and all homogeneous λ
′ ∈ Ωm(Aθ). The action of ζ ∈ EAθ(h) on
general forms λ ∈ Ω•(Aθ) is then defined by Cartan’s magic formula
λ θ⊳ ζ := dθι
θ
ζ(λ) + ι
θ
ζ(dθλ) . (4.61)
Lemma 4.14. Let ωθ ∈ Con(Aθ, δ) ⊆ Ω
1(Aθ) be a deformed connection, cf. (4.43). Then
ωθ θ⊳ ζ = dθb, for all ζ = b⊗X ∈ EAθ(h).
Proof. Notice that ιθζ(ωθ) = ver
X
θ (ωθ) ⋆θ b = 1 ⋆θ b = b by (4.43). Recalling (4.47), it is
found that ωθ =
∑4
i=1 a
i dθzi, where z3 = z
∗
1 and z4 = z
∗
2 , for some a
i ∈ Aθ. As ωθ is
H-coinvariant by hypothesis and δ(dθzi) = dθzi ⊗ ti with t1 = t2 = t and t3 = t4 = t
∗, it
follows that δ(ai) = ai ⊗ t∗i . Hence,
ωθ θ⊳ ζ = dθι
θ
ζ(ωθ) + ι
θ
ζ(dθωθ) = dθb−
4∑
i=1
ιθζ
(
dθa
i ∧θ dθzi
)
= dθb−
4∑
i=1
(
dθa
i zi X(ti)− a
i X(t∗i ) dθzi
)
b
= dθb−
4∑
i=1
(
dθa
i zi + a
i dθzi
)
b X(ti)
= dθb− dθ
( 4∑
i=1
ai ⋆θ zi X(ti)
)
b = dθb−
(
dθ ver
X
θ (ωθ)
)
b = dθb , (4.62)
where the third line uses (4.40) and the last step (4.43).
Setting θ = 0, we obtain the usual infinitesimal gauge transformations EA(h) =
AHh for the classical Hopf fibration (A, δ), together with their action ⊳ on the unde-
formed Ka¨hler forms (Ω•(A),∧, d). As the left H-coaction on h is trivial, it follows that
the left B-module isomorphism Lh : EA(h)→ EAθ(h) from Proposition 3.4 is the identity
map, i.e. undeformed and deformed gauge transformations are identified ‘on the nose’.
Proposition 4.15. The bijection ϕθ : Con(Aθ, δ) → Con(A, δ) from Proposition 4.9
preserves infinitesimal gauge transformations, i.e.
ϕθ
(
ωθ θ⊳ ζ
)
= ϕθ(ωθ) ⊳ ζ , (4.63)
for all ζ ∈ EA(h) = EAθ(h) and ωθ ∈ Con(Aθ, δ).
Proof. Recalling (4.54), it is found that ϕθ
(
ωθ θ⊳ ζ
)
= ϕθ(dθb) = db = ϕθ(ωθ) ⊳ ζ .
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5 Associated gauge transformations and connections
Let (V, ρ) be a left H-comodule and consider the associated left B-modules EA(V ) =
AHV and EAθ(V ) = AθHV from Section 3. By Proposition 3.4, there exists a natural
left B-module isomorphism LV : EA(V )→ EAθ(V ). We shall show that this isomorphism
does not intertwine between the actions of gauge transformations and connections on
associated modules. Physically speaking, this means that the coupling of gauge and
matter fields on the deformed Hopf fibration (Aθ, δ) is different to that on the classical
Hopf fibration S3 → S2.
Let us start with the associated gauge transformations. Using (4.55), there exists an
induced action of EAθ(h) on EAθ(V ) which is given by
(a⊗ v) θ⊳ ζ := (a θ⊳ ζ)⊗ v = a0 ⋆θ b⊗ v X(a1) = a ⋆θ b⊗X(v−1) v0 , (5.1)
for all a⊗ v ∈ EAθ(V ) and ζ = b⊗X ∈ EAθ(h), with the last equality following from the
definition of the cotensor product (3.1). Setting θ = 0, we obtain a similar expression
without the ⋆θ-product, i.e. (a⊗v) ⊳ ζ = a b⊗X(v−1) v0. Consider now any homogeneous
a ⊗ v ∈ A((m+n,−m),n) ⊗ V n and ζ = b ⊗ X ∈ A((m
′,−m′),0) and apply the left B-module
isomorphism LV : EA(V )→ EAθ(V ). On the one hand, we obtain
LV
(
(a⊗ v) ⊳ ζ
)
= eπi θ(m+m
′)n a b⊗X(v−1) v0 , (5.2a)
while on the other hand
LV (a⊗ v) θ⊳ ζ = e
πi θ(m−m′)n a b⊗X(v−1) v0 , (5.2b)
where (3.8) is also used for computing the ⋆θ-products. Notice that the phase factors
differ for n 6= 0, hence the left B-module isomorphism LV : EA(V ) → EAθ(V ) does not
in general intertwine between the classical and deformed gauge transformations. This
feature can be understood from the fact that gauge transformations of left B-modules act
from the right (cf. (5.1) where b is to the right of a) and hence they are not intertwined
by the left B-module isomorphism LV .
Let us now discuss the covariant derivatives (4.15) and their corresponding associated
connections (4.16). We fix any connection form ω = ω0+ α ∈ Con(A, δ) on the classical
Hopf fibration (cf. Lemma 4.11) and determine the corresponding connection form on
the deformed Hopf fibration (Aθ, δ) via the bijection given in Proposition 4.12, i.e. ωθ =
ω0θ + α ∈ Con(Aθ, δ) with the same α. For later convenience, we consider the canonical
lift of the covariant derivative D : A→ Ω1hor(A) to the graded subalgebra (Ω
•
hor(A),∧) ⊆
(Ω•(A),∧) of horizontal Ka¨hler forms. Note that Ω•hor(A) = Ω
•(B)A because of (4.31)
and graded commutativity of ∧. This yields a linear map D : Ω•hor(A)→ Ω
•+1
hor (A), which
explicitly reads as
D(λ) = dλ− λ0 ∧ ω X(λ1) = dλ− λ0 ∧ (ω
0 + α) X(λ1) , (5.3)
for all λ ∈ Ω•hor(A). By construction, D satisfies the graded Leibniz rule D(β ∧ λ) =
(−1)m dβ ∧ λ + β ∧ D(λ), for all β ∈ Ω•(B) and all homogeneous λ ∈ Ωmhor(A). (Com-
pare this with the similar graded Leibniz rule for d in (4.57).) The canonical lift
Dθ : Ω
•
hor(Aθ) → Ω
•+1
hor (Aθ) of the corresponding deformed covariant derivative to the
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graded subalgebra (Ω•hor(Aθ),∧θ) ⊆ (Ω
•(Aθ),∧θ) of horizontal deformed Ka¨hler forms
explicitly reads as
Dθ(λ) = dθλ− λ0 ∧θ ωθ X(λ1) = dθλ− λ0 ∧θ (ω
0
θ + α) X(λ1) , (5.4)
for all λ ∈ Ω•hor(Aθ). By construction, Dθ satisfies the graded Leibniz rule Dθ(β ∧θ λ) =
(−1)m dθβ∧θλ+β∧θDθ(λ), for all β ∈ Ω
•(B) and all homogeneous λ ∈ Ωmhor(Aθ). Notice
that Ω•hor(Aθ) = Ω
•(B)Aθ because of Corollary 4.8 and braided graded commutativity
of ∧θ.
Regarding both Ω•hor(A) = Ω
•(B)A and Ω•hor(Aθ) = Ω
•(B)Aθ as graded left Ω
•(B)-
modules, we obtain in analogy to Proposition 3.4 a graded left Ω•(B)-module isomor-
phism L• : Ω•hor(A)→ Ω
•
hor(Aθ) by setting
L•(λ) := eπi θmn λ , (5.5)
for all homogeneous elements λ ∈ Ω•hor(A)
((m+n,−m),n) ⊆ Ω•hor(A). Analogously to the
case of gauge transformations above, this isomorphism does not intertwine between the
covariant derivatives D and Dθ in general. For homogeneous λ ∈ Ω
•
hor(A)
((m+n,−m),n) and
α ∈ Ω1(B)((m
′,−m′),0), we find after a short calculation using the identification explained
in Remark 4.13 and the analogue of (3.8) for deformed wedge-products
(L•)−1
(
DθL
•(λ)
)
= dλ− λ0 ∧
(
ω0 + e−2πi θm
′n α
)
X(λ1) , (5.6)
which is in general different toD(λ), cf. (5.3). Again, this feature can be understood from
the fact that covariant derivatives act from the right on the left Ω•(B)-modules Ω•hor(A)
and Ω•hor(Aθ) and hence they are not intertwined by the left Ω
•(B)-module isomorphism
L•. An exception is given by m′ = 0, i.e. α ∈ Ω1(B)((m
′,−m′),0) is K-coinvariant.
Remark 5.1. As a side-remark, we note the following expressions for the classical and
deformed curvatures, which are defined as the squares of the corresponding covariant
derivatives. In the classical case, we obtain by a direct calculation using (5.3)
D
2
(λ) = d
(
dλ− λ0 ∧ ω X(λ1)
)
−
(
dλ0 − λ0
0
∧ ω X(λ0
1
)
)
∧ ω X(λ1)
= −λ0 ∧ dω X(λ1) + λ0 ∧ ω ∧ ω X(λ1
1
) X(λ1
2
)
= −λ0 ∧ dω X(λ1) , (5.7)
where in the last equality we used that by graded commutativity ω ∧ ω = −ω ∧ ω = 0.
In the deformed case, we obtain by a similar direct calculation using (5.4)
D
2
θ(λ) = −λ0 ∧θ dθωθ X(λ1) . (5.8)
Here we also use that ωθ = ω
0
θ + α, where ω
0
θ is K-coinvariant and α ∈ Ω
1(B), hence by
braided graded commutativity ωθ ∧θ ωθ = −Rθ((ωθ)−1⊗ (ωθ)−1) (ωθ)0 ∧θ (ωθ)0 = −ωθ ∧θ
ωθ = 0. Under the identification explained in Remark 4.13, the underlying deformed
curvature form dθωθ and classical curvature form dω coincide. However, by a similar
argument as for the covariant derivatives above, the actions of these curvature forms on,
respectively, Ω•hor(Aθ) and Ω
•
hor(A) are in general not intertwined by the isomorphism
L•. △
24
Let now (V, ρ) be any leftH-comodule and consider the corresponding associated con-
nections ∇ : EA(V )→ Ω
1(B)⊗BEA(V ) and ∇θ : EAθ(V )→ Ω
1(B)⊗BEAθ(V ). The lat-
ter are obtained concretely by composing, respectively, D⊗ id : AHV → Ω
1
hor(A)HV
and Dθ ⊗ id : AθHV → Ω
1
hor(Aθ)HV with the inverse of the corresponding left B-
module isomorphism
Ω1(B)⊗B EA(V ) −→ Ω
1
hor(A)HV , β ⊗B (a⊗ v) 7−→ β a⊗ v ,
Ω1(B)⊗B EAθ(V ) −→ Ω
1
hor(Aθ)HV , β ⊗B (a⊗ v) 7−→ β ⋆θ a⊗ v . (5.9)
These isomorphisms are compatible with the isomorphisms LV in Proposition 3.4 and
L• in (5.5) in the sense that the diagram
Ω1(B)⊗B EA(V )
id⊗BLV

// Ω1hor(A)HV
L•⊗id

Ω1(B)⊗B EAθ(V )
// Ω1hor(Aθ)HV
(5.10)
commutes. Hence, our computation in (5.6) shows that LV does in general not intertwine
between the associated connections, i.e. ∇θ ◦LV 6= (id⊗B LV ) ◦∇. Again, an exception
is when α ∈ Ω1(B) in the connection form ω = ω0 + α ∈ Con(A, δ) is K-coinvariant.
Example 5.2. Let us consider the explicit example where (V, ρ) = C(n) := (C, ρ(n))
is the 1-dimensional irreducible left H-comodule given by ρ(n) : c 7→ tn ⊗ c, for some
n ∈ Z. The associated left B-modules EA(C
(n)) =
⊕
m∈ZA
((m+n,−m),n) and EAθ(C
(n)) =⊕
m∈ZA
((m+n,−m),n) describe a matter field of charge n ∈ Z on the classical and deformed
Hopf fibrations respectively. The deformed gauge transformations can be interpreted in
terms of the undeformed gauge transformations by defining an effective gauge transfor-
mation parameter ζ
(n)
θ ∈ EA(h) according to
λ ⊳ ζ
(n)
θ := L
−1
V
(
LV (λ) θ⊳ ζ
)
, (5.11a)
for all λ ∈ EA(C
(n)) and ζ ∈ EA(h). Decomposing ζ as ζ =
∑
m∈Z ζm, where ζm ∈
A((m,−m),0), and using (5.2), we obtain
ζ
(n)
θ =
∑
m∈Z
e−2πiθmn ζm . (5.11b)
Analogously, the deformed covariant derivative can be interpreted in terms of an unde-
formed covariant derivative by defining
D
(n)
θ (λ) := (L
•)−1
(
DθL
•(λ)
)
, (5.12a)
for all λ ∈ EA(C
(n)). Decomposing the 1-form α ∈ Ω1(B) in (5.4) as α =
∑
m∈Z αm,
where αm ∈ Ω
1(B)((m,−m),0), and using (5.6), we obtain
D
(n)
θ (λ) = dλ− λ0 ∧ (ω
0 + α
(n)
θ ) X(λ1) , (5.12b)
where the effective gauge potential is given by
α
(n)
θ =
∑
m∈Z
e−2πiθmn αm . (5.12c)
Summing up, the physical effect of our deformation on charged matter fields is that they
experience effective gauge transformations and covariant derivatives that depend on both
the charge n ∈ Z and on the deformation parameter θ ∈ R.
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6 Outlook: Towards an explanation via homotopy
equivalence
In this section, we construct a suitable type of homotopy equivalence between the classical
and deformed Hopf fibrations. Our concept of homotopy equivalence is slightly different
from the one proposed by Kassel and Schneider [KS05] in the sense that for our purposes
it is more convenient to work with a larger algebra of complex-valued functions on the
real line R than the one given by the polynomial algebra C[y] in one generator y. In
particular, we would like the exponential functions y 7→ ei c y, for c ∈ R, to be contained
in our algebra in order to obtain a homotopy that relates the exponentiated deformation
parameter q = e2πiθ to the classical value 1.
Let us fix any ∗-subalgebra O(R) ⊆ Fun(R,C) of the ∗-algebra of complex-valued
functions on the real line that contains the monomials yn ∈ O(R), for n ≥ 0, and also
the exponential functions ei c y ∈ O(R), for c ∈ R. For example, we could choose the
algebra of analytic functions Cω(R,C), the algebra of smooth functions C∞(R,C) or the
algebra of continuous functions C0(R,C). Note that the polynomial algebra C[y] used in
[KS05] does not satisfy our criteria because it does not contain the exponential functions.
Consider the two evaluation maps evp : O(R) → C , f 7→ f(p), for p = 0, 1, and
note that they are algebra homomorphisms. We say that two algebra homomorphisms
κ0, κ1 : B → B
′ between two, possibly noncommutative, algebras B and B′ are O(R)-
homotopic if there exists an algebra homomorphism h : B → B′ ⊗ O(R) such that
(id ⊗ evp) ◦ h = κp for p = 0, 1. Notice that the two evaluation maps evp : O(R) → C
are O(R)-homotopic via the identity h = id : O(R) → O(R). The following definition
generalizes [KS05, Definition 2.3] to our concept of O(R)-homotopy.
Definition 6.1. Let H be a Hopf algebra and B an algebra. Let A0 and A1 be two
principal H-comodule algebras over B. We say that A0 and A1 are O(R)-homotopic if
there exists a principal H ⊗ O(R)-comodule algebra over B ⊗ O(R) with ground ring
O(R) such that evp∗(A) := A⊗O(R)C
∼= Ap are isomorphic as H-comodule algebras, for
p = 0, 1.3
In the following, we let H = O(U(1)) and B = O(S2) as in Section 2.2. We denote
the classical Hopf fibration from Section 2.2 by A0 and the deformed Hopf fibration, with
a fixed deformation parameter θ ∈ R, from Section 2.3 by A1. Our aim is to construct for
this scenario a principal H ⊗ O(R)-comodule algebra over B ⊗ O(R) with ground ring
O(R), as in Definition 6.1, that implements an O(R)-homotopy between the classical
Hopf fibration A0 and the deformed Hopf fibration A1. This requires a few preparations.
Let us first note that the change of base ring functor (−)⊗O(R) : MC → MO(R) maps
free algebras over C to the corresponding free algebras over O(R) because it is monoidal,
i.e. (V ⊗O(R))⊗O(R) (W ⊗O(R))
∼= (V ⊗W )⊗O(R) for all V,W ∈ MC, and it preserves
all small colimits. Because of the latter property, it also follows that (−) ⊗O(R) maps
finitely presented algebras over C to the corresponding finitely presented algebras over
O(R). This implies that H ⊗ O(R) is the commutative ∗-algebra over O(R) generated
by one generator t that satisfies the circle relation t∗t = 1, and that B ⊗ O(R) is the
3Here evp∗ denotes the usual change of base ring construction along the algebra maps evp : O(R)→ C.
It is given concretely by the relative tensor product evp∗(A) = A⊗O(R) C where the left O(R)-module
structure on C is defined by O(R)⊗ C
evp⊗id
−→ C⊗ C
µC
−→ C.
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commutative ∗-algebra over O(R) generated by two generators z and x that satisfy
x∗ = x and the 2-sphere relation z∗z+x2 = 1. In other words, H⊗O(R) and B⊗O(R)
are described by the same formulae as the ones for H and B in Section 2.2, however the
base ring is now O(R) instead of C.
Let us denote by Q ∈ O(R) the function given by
Q : R −→ C , y 7−→ Q(y) = e2πiθ y . (6.1)
Note that Q(0) = 1 and Q(1) = q = e2πiθ. We define A to be the noncommutative
∗-algebra over O(R) generated by two generators z1 and z2 satisfying the commutation
relations
z1 z
∗
1 = z
∗
1 z1 , z2 z
∗
2 = z
∗
2 z2 , z1 z2 = Qz2 z1 , z1 z
∗
2 = Q
−1 z∗2 z1 , (6.2)
and the 3-sphere relation
z∗1 z1 + z
∗
2 z2 = 1 . (6.3)
Compare this to (2.22) and (2.23). We further endow A with a right H⊗O(R)-comodule
structure δ : A→ A⊗O(R)(H⊗O(R)) by using the same formulae (2.10) for the generators
as for the case where the base ring is C.
Lemma 6.2. The H ⊗ O(R)-comodule algebra (A, δ) described above is a principal co-
module algebra with subalgebra of coinvariants isomorphic to B ⊗O(R).
Proof. The proof is analogous to the one for algebras over C, cf. Sections 2.2 and 2.3
and also [BS03].
We can now show that this principal comodule algebra implements anO(R)-homotopy
between the the classical Hopf fibration A0 and the deformed Hopf fibration A1.
Proposition 6.3. There exist isomorphisms of H-comodule algebras evp∗(A)
∼= Ap, for
p = 0, 1. Hence, the classical Hopf fibration A0 is O(R)-homotopic to the deformed Hopf
fibration A1 for any value of the deformation parameter θ ∈ R.
Proof. Using the map C → O(R) , c 7→ c that assigns to a complex number the cor-
responding constant function on R, we can consider A as an algebra over C. The ho-
momorphism of C-algebras A → evp∗(A) = A ⊗O(R) C , a 7→ a ⊗O(R) 1 is surjective as
a ⊗O(R) c = ac ⊗O(R) 1. The kernel of this map is the two-sided ideal of the C-algebra
A generated by (f − f(p))1 ∈ A, for all f ∈ O(R). Hence, evp∗(A) is isomorphic to the
quotient C-algebra A
/(
(f − f(p))1 : f ∈ O(R)
)
, i.e. the evaluation of all coefficient
functions in O(R) at p ∈ R. Recalling (6.1), (6.2) and (6.3), we obtain that ev0∗(A)
is isomorphic to the classical 3-sphere due to Q(0) = 1 and that ev1∗(A) is isomorphic
to the deformed 3-sphere with deformation parameter θ as Q(1) = q = e2πiθ. These
isomorphisms are clearly compatible with the H-coactions.
We finish this section by explaining why we believe that Proposition 6.3 is the con-
ceptual reason for the results in Section 3.2 stating that the associated module functors
for the classical and deformed Hopf fibration are naturally isomorphic. The following
argument is inspired by [KS05, Remark 2.4 (4)]. Let us first note that the underlying
vector space of the Hopf algebra H = O(U(1)) admits a decomposition H =
⊕
n∈ZCn,
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where Cn = C t
n is the (1-dimensional) vector space spanned by the n-th power of the
generator t. (Recall that t−1 = t∗.) As ∆(tn) = tn ⊗ tn, each Cn is a left H-comodule
via the coaction ∆ : Cn → H ⊗Cn. It follows that A ∼=
⊕
n∈ZAHCn is a direct sum of
associated modules EA(Cn) = AHCn with Cn ∈
HMfin finite-dimensional. By [BH04],
each EA(Cn) is a finitely generated projective left B⊗O(R)-module and hence it defines
an element [EA(Cn)] of the zeroth K-theory group K0(B ⊗ O(R)). Analogously, there
exists a decomposition Ap ∼=
⊕
n∈ZApHCn into a direct sum of associated modules
EAp(Cn) = ApHCn and we obtain elements [EAp(Cn)] ∈ K0(B), for p = 0, 1. Because
of Proposition 6.3, we know that [EAp(Cn)] ∈ K0(B) is the image under
K0(evp∗) : K0(B ⊗O(R)) −→ K0(B) (6.4)
of the element [EA(Cn)] ∈ K0(B⊗O(R)), for p = 0, 1. The same holds true for the mod-
ules EA(V ), EA0(V ) and EA1(V ) associated to any finite-dimensional left H-comodule
as any such V decomposes as a finite direct sum of Cn’s.
If we could prove that the K0-groups are invariant under O(R)-homotopies, the con-
crete result of Section 3.2, namely that the associated modules EA0(V ) and EA1(V ) of
the classical and deformed Hopf fibrations are isomorphic, would follow from the more
conceptual argument in this section. While results in this direction are available for
homotopies described by the polynomial algebra C[y], see e.g. [Bas68], we are not aware
of generalizations to our setup of O(R)-homotopies. We expect that addressing this
question might provide some insights on appropriate choices of the algebra O(R), which
we have left unspecified above, besides assuming that it contains exponential functions
and polynomials. Developing a theory of O(R)-homotopies would be useful and interest-
ing also for other typical examples in noncommutative geometry where the deformation
parameter appears in an exponentiated form q = e2πiθ. We hope to come back to this
issue in a future work.
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